Abstract-The subject of this article is to optimize the design of synchronous reluctance machines with massive rotor and multi-flux barrier rotor. The optimization procedure, which aims to improve simultaneously the machines' torque and the power factor, uses the cyclic coordinate method coupled with the magnetostatic finiteelement (FE) field solutions. The optimization results regarding these two types of machines, which provide the optimized rotor geometrical dimensions and the influence of the current angle, are discussed.
INTRODUCTION
Increasing academic interest has been shown in synchronous reluctance machines (SynRMs) in the last two decades. The main advantage offered is the high-power per volume ratio, which is of interest in embarked applications. Further applications are compressors, centrifuges, and energy storage flywheels [1] . These machines show some advantages based on their ruggedness and construction simplicity. The absence of rotor losses and easy control suggest the possibility of performance and cost effective advantages of the SynRMs over induction motor drives. On the other hand, if the SynRM uses a stator identical to that of the induction machine, then just by changing the punching tools for the rotor geometry, the SynRM can be produced with the same production line [2] .
It is well known that the synchronous reluctance motor (salientpole rotor without field coils) is one of the oldest types of electric motors and has, from time to time, attracted the efforts of a considerable number of investigators. When this type of machines is designed with a massive rotor, they may represent an attractive solution in high speed applications such as flywheel energy storage systems [1, 3, 4] . Moreover, a cage rotor is not required as the induced currents flowing axially in the rotor in the asynchronous operation can generate torque during starting. However, because the saliency ratio cannot be expected to exceed three, these motors are generally characterized by very low power factors or efficiencies [5] . Nevertheless, if the drive system design allows torque ripple reduction, these structures remain attractive if moderate performances are tolerated.
In order that the SynRM has good performances, the rotor should be designed in such a way to reach a high anisotropy ratio, that is for minimum reluctance in the d-axis and maximum reluctance in the qaxis. In fact, the output torque of a current fed synchronous reluctance motor is directly proportional to the difference between the d-axis and q-axis inductances, whereas the maximum power factor is dependent upon the ratio L d /L q .
Design improvement can be achieved by introducing flux barriers in the rotor by removing some lamination parts from the rotor core to provide a low reluctance path for d-axis flux and high reluctance path for q-axis flux.
Design development of synchronous reluctance machines performances was the subject of many papers [4, 6, 7] . Recent researches of modern SynRM has focused on structures with axially laminated [8] and multi flux barrier rotors of the transverse-laminated type [9] . The axially laminated rotor can present a high-anisotropy and provide a very high unsaturated saliency ratio [10] , but the manufacturing and construction technology of this rotor is expensive and very complicated and presents significant iron loss [7] . Compared to the latter, the flux barrier rotor is easier to manufacture, it can easily be skewed to reduce torque ripple and it has no iron loss problem. The typical way of manufacturing a transverse laminated rotor is to assemble a stack of punched or laser-cut rotor disks with flux paths. A design mechanically more robust transverse laminated rotor structure with dovetail shaped poles without supporting bridges is presented in [11] . Regarding the efficiency, it is shown in [2] that the SynRM can produce about 90%-100% of the induction machine (IM) torque with about 50% lower total losses, at the same stator current, and consequently a higher efficiency of about 5%-8%.
Therefore, owing to the above mentioned advantages, two types This paper describes the design optimization of two SynRM structures using the same stator. In order to determine the optimal machines dimensions and the current angle making a trade-off between the maximum output torque and a high power factor, a cyclic coordinate method coupled with the FEM is applied. For the two studied machines, results regarding the evolution during the optimization process of the design parameters, the maximum output torque and power factor are presented.
SYNCHRONOUS RELUCTANCE MOTOR MODELING
In the d-q axes reference frame linked to rotor, the phasor diagram of the SynRM in steady state is shown in Figure 2 , where the angle ϕ is the power factor angle and γ is the current space phasor angle.
The electromagnetic torque is given by:
where p is the number of pole pairs, ψ d , ψ q , i d and i q are the d and q components of the flux linkage and current respectively. The flux linkages are expressed by: Figure 2 . Synchronous reluctance motor phasor diagram expressed in rotor reference frame.
Using the relationship between the flux linkage and the current, Equation (1) can be written as:
where i s is the stator current magnitude. Neglecting the stator resistance R s , the power factor as a function of current angle γ for a machine with any saliency ratio ξ = L d /L q may be written as:
According to Equation (5), the power factor achieves its maximum when the current angle is equal to:
and the maximum power factor is:
The motor power factor versus saliency ratio ξ under maximum power factor scheme is plotted in Figure 3 . Note that for machines with a saliency ratio of 7-8, the power factor is near 0.8 which is quite typical of class B induction machine rated about 10 hp [5] . 
FINITE ELEMENT MODELING
A magnetostatic nonlinear 2D finite element package "femm" [12] is employed to investigate the effects of rotor geometrical parameters on the magnetic field distribution. For a given stator current vector and rotor position, the magnetic field is obtained, then the electromagnetic torque and the phases flux linkages are calculated. In 2D problems, the corresponding Maxwell equation is expressed as:
where A z and J z are the z components of magnetic vector potential A and the current density J, respectively, and µ is the permeability of the magnetic circuit.
Torque Calculation from Maxwell's Stress Tensor Method
Methods based on Maxwell's stress tensor are commonly used in the computation of torques for electromagnetic devices when finite element method is employed [13] . The electromagnetic torque is obtained as a surface integral:
where σ is Maxwell's stress tensor and S is the integration surface. In the case of a rotating electrical machine, a closed integration surface that surrounds the rotor in free space is chosen. In a 2D model, where the field is uniform in the axial direction, the surface integral is reduced to a line integral along the airgap. If a circle of radius r is taken as the integration path, the torque equation can then be written as:
where l is the length of the machine, B n and B t are the radial and tangential components of the flux density B.
Flux Linkages
In Equation (1), the d and q components of the flux linkage are determined from those of stator phases a, b and c. The flux linkage can be calculated from the average vector potential over each winding cross section [14] . For instance, the phase a flux linkage is given by the following expression:
where N ph is the number of turns per phase and S is the cross-section of the phase winding region. Subscripts 1 and 2 denote winding sides located in different pole regions. The actual flux linkages [ψ abc ] of the stator three phases (a, b, c) contain harmonics and it is necessary to obtain the fundamental total flux linkages. Assuming that only the 3rd harmonic is dominant, and ignoring higher harmonics, the flux linkage vector in the stator three phases can be written as [15] :
The co-phasal 3rd harmonics can be obtained from the actual flux linkages as:
With the fundamental flux linkage [Ψ abc1 ] known and using Park's transformation, the d-q flux linkages are:
DESIGN PROCEDURE
The aim is to optimize two rotor structures of SynRM. Both of the rotors fit in a standard 4 pole -three phase induction machine stator. Main design details of the induction motor are given in Table 1 . The magnetization characteristic used for the stator and rotor cores is that of XC38 mild steel. To add this characteristic in the material library, in the form of B-H data points, of the utilized finite element package "femm", the magnetization curve was first approximated by a polynomial with odd powers of the flux density B. Then a sufficient number of B-H data points are calculated from the polynomial and entered in the package. From Figure 4 , showing the resulting magnetization curve, it can be seen that the XC38 steel has a low permeability compared with other materials.
Massive Rotor Design
The cross section of the four-pole massive rotor structure investigated is presented in Figure 1 (a). The rotor presents a simple and robust structure and it is formed by salient poles and cut-outs without internal flux barriers. The different dimensions defining the rotor structure, which have to be optimized in the design optimization, are as shown in Figure 5 (a) where hc, τ and Rc are respectively the rotor cut-out depth, the d-axis pole arc and the q-axis rotor surface cut-out radius. During the optimization process the machine airgap is kept constant and equal to one of the original induction motor (0.6 mm).
Flux Barrier Rotor Design
Figure 5(b) shows a flux barrier rotor made of standard flat laminations, where the flux barriers are punched in the traditional way in order to obtain the preferred flux path. Thin ribs are left when punching, thus connecting to each other the various rotor segments. It has been shown that the increase in the number of rotor flux barriers does not lead to high gain in the developed torque [7] . To allow for rotor manufacturability easiness, a rotor without cut-off and with four barriers per pole is considered is this study.
A rotor without cut-out is analyzed, having 4 barriers per pole with independent widths (see Figure 5(b) ).
The barriers are assumed to have different widths in the design optimization and placed equidistantly around the airgap. Denoting k the number of barriers, the rotor slot pitch can be calculated as follows [16] :
where p is the number of pole pairs. For k = 4 and p = 2, we get: α m = 0.157 rd (9 • mechanical).
As previously mentioned, to achieve a high saliency ratio, the design of the rotor's barriers must allow the d-axis flux to flow across the whole pole surface and restricts the flow of the q-axis flux. By choosing k = 4, the resulting number of iron segments allows the rotor capability to capture the stator magnetomotive force along the d-axis. On the other hand, in order to increase the amount of air along the q-axis, each barrier is given a wider width in the area delimited by the angle 2α b , where the both sides of one barrier have different radii R b and R b . (see Figure 5(b) ). When R b = R b , the barriers have uniform widths.
The parameters of this SynRM to be optimized are as shown in Figure 5 (b): the flux barrier widths, W in1 , W in2 , W in3 and W in4 , the nth barrier arc radii, R bn and R bn , and the inner region barriers span angle, α b . Besides the design variables, there are also a number of parameters with assigned constant values that do not change during the optimization evolution. These parameters are: the airgap length = 0.6 mm, the tangential rib width W tr = 0.4 mm, the radial rib width In fact, the increase in the thickness of the tangential and radial ribs W tr and W rr decreases significantly the torque production. Thus, these parameters have been fixed to minimal values that ensure mechanical resistance.
Cyclic Coordinate Method
A cyclic coordinate method [17, 18] using the unknown parameters as the search directions, is applied to maximize the objective function successively along each coordinate. More specifically, the method searches along the directions d 1 , . . . , d n , where d j is a vector of zeros except for a one at the jth position. Thus, along the search direction d j , the design variable x j is changed while all other variables are kept fixed.
This technique is illustrated in Figure 6 through an example of the maximization of an objective function of two variables X 1 and X 2 . Starting from the initial point P 0 (X 10 , X 20 ), the maximization is performed successively along X 1 and X 2 and leads, respectively, to P 1 (X 11 , X 20 ) and P 2 (X 11 , X 21 ). The iterative process is repeated until the error test is satisfied. Note that at each iteration k (k = 1, 2, . . . , n), the vectors (X
2 ) are obtained by performing a line search in the direction of the axes X 1 and X 2 , respectively. This in turn defines the point
2 ). Also note that significant progress is made during the first few iterations, whereas much slower progress is made during later iterations
The algorithm shown in Figure 7 , estimates the vector parameters P that maximizes the objective function which increases at each iteration.
Due to self and cross saturation, the difference (L d −L q ) varies with both the d-and q-axes current of the machine [19] . As a consequence, the maximum output torque does not occur at the theoretical value of γ = 45 • (elec.) as Equation (4) suggests. The shift of γ to values greater than 45 • (elec.) is shown in Figure 8 . Moreover, the variation of L d and L q affects the saliency ratio and hence the maximum power factor. Thus in this study, an additional parameter is introduced in the optimization process in search for optimum current angle leading to optimal produced torque with high power factor.
In this study, maximum output torque and high power factor are chosen as the optimization criteria. Therefore, numerous requirements corresponding to these two objective functions have to be fulfilled at a time. In this case a multi-objective optimization problem has to be solved. The objective function is then chosen as follows:
where T dq and cos ϕ max are given by Equations (1) and (7) respectively, ω 1 and ω 2 are weighting factors, which satisfy ω 1 + ω 2 = 1 with ω 1 ≥ 0 and ω 2 ≥ 0.
Hence, the objective function may be written as:
As stated in Equation (18) , the importance of both objectives is adjusted by the weighting factor respect to required performance.
Four parameters for the massive rotor SynRM and eight parameters for the flux barrier rotor are optimized. During simulations, the stator current is set equal to the rated current of the original induction motor.
The design variables are constrained to vary within appropriate intervals such as not to contradict each other and in other hand, to meet the mechanical feasibility. In Tables 2 and 3 are presented the upper and lower values of the respective design variables for each studied rotor.
OPTIMIZATION RESULTS AND COMMENTARIES
To analyze the importance of each objective function, adjusted by the weighting factor ω 1 , and its influence on the optimal design, three cases have been considered in the optimization process, namely:
case 1 for ω 1 = 0.75, case 2 for ω 1 = 0.5 and case 3 for ω 1 = 0.25.
As the used optimization method is a deterministic one, and in order to reach a global optimization, it is appropriate to secure the calculated results regarding the investigated rotors, by using different sets of initial points to check whether the same maximum torque is obtained consistently. In this perspective, in this study, two simulations are then carried out for both the massive rotor and flux barrier rotor structures, respectively. In order to underline the relationship between the calculated torque, using Equation (1), and the difference (L d − L q ), the d-axis and q-axis inductances are calculated at each iteration from Equations (2) and (3) respectively.
The results of the optimal geometrical dimension of the rotor parameters and current angle after implementing the optimization procedure as described in the previous section are given in the following.
SynRM with Massive Rotor
When the interpolar cut-out is widened to decrease the q-axis inductance L q , the pole arc therefore becomes narrower. As a result, the d-axis inductance L d reduces. Thus large two-axes inductance difference and high saliency ratio cannot be expected for the machine with simple salient pole rotor. The variation of the design parameters, the optimized torque and power factor obtained for ω 1 = 0.75 of the first simulation, are shown in Figures 9(a) , 9(b) and 9(c), respectively. It can be observed that the optimized parameters are obtained after 20 iterations. The corresponding developed torque is around 11.4 N·m. This value is also obtained in the two simulations for the three considered cases (see Table 5 ). Also, it can be noticed that the optimal torque is obtained when the current angle γ opt is around 48-49 • (elec.). In fact, when γ varies, the magnetic saturation leads to an increase of the direct axis inductance L d and also to an increase of L q though in a lower degree. It is noticed that in both simulations, the optimum current angle γ opt is slightly lower when ω 1 = 0.25 compared to the two other cases.
In the other hand, for the three considered values of weighting factor ω 1 , the variation of the maximum power factor is not significant. This is due to the fact that, even optimized, this type of rotor structure has limited saliency ratio. 
SynRM with Flux Barrier Rotor
The variation of the design parameters and the optimized torque and power factor obtained for the first simulation, case 1, are shown in Figures 10(a) , 10(b) and 10(c), respectively. It can be observed that the optimized parameters are obtained after 24 iterations. The corresponding developed torque is near 16.5 N·m. Tables 6 and 7 summarize the obtained optimized values of the design variables for the two carried out simulations. It appears from Table 7 that for both simulations, the optimal values of design parameters compares, for case 1 and case 2, with an optimal current angle γ opt around 52 • (elec.) and a maximum power factor of 0.7. Further, in case 3 (ω 1 = 0.25), that is when importance is given to maximum power factor, results show an angle γ opt around 54 • (elec.) implying a consistent value of the power factor of 0.65. Actually, when ω 1 = 0.25, the optimization procedure maximizes mainly the saliency ratio ξ, which determines cos ϕ max (see Equation (7)), rather than the inductance difference, on which relies the torque production. Table 7 also suggests that a reasonable optimal motor design can be chosen when ω 1 = 0.5 owing to the good motor overall performances obtained when the torque and cos ϕ max are of equal importance. 
CONCLUSION
The optimization method based on the cyclic coordinate method coupled with FEM, has been applied successfully for the design of synchronous reluctance machine structures with a massive rotor and with a flux barrier rotor for given stator dimensions. The main objective was to maximize simultaneously the output torque and the power factor. Optimization results showed that for the two investigated SynRMs, a reasonable optimal motor design can be chosen when ω 1 = 0.5 of owing to the good motor overall performances obtained when the torque and cos ϕ max are of equal importance.
As a possible improvement of the performances of the studied machines, further investigation would focus on the torque ripple minimization. Additionally, in the case of the flux barrier rotor, an overall optimization would include the influences of the stator slots on the design of the flux barriers.
